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Quantization of p-branes, D-p-branes and M-branes ∗
R. Kallosh
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Killing spinors of space-time BPS configurations play an important role in quantization of theories with the
fermionic worldvolume local symmetry. We show here how it works for the GS superstring, BST supermembrane
and M-5-brane. We show that the non-linear generalization of the (2,0) d=6 tensor supermultiplet action is
the M-5-brane action in a Killing gauge. For D-p-branes the novel feature of quantization is that they can be
quantized Lorentz covariantly, in particular, for D-0-brane a gauge exists where the action is covariant and free.
We present a general condition on possible choice of gauges for the κ-symmetric branes.
We review here some work on quantization of
the local fermionic worldvolume symmetry pre-
sented in [1–4]. This is a generalized version of
the talk presented at Strings 97 in Amsterdam in
June 1997. We give a short summary of the new
results in the end of this paper.
1. WORLDVOLUME ACTIONS AND
THEIR LOCAL SYMMETRIES
The actions of Green-Schwarz string in D=10
target space and of the Bergshoeff-Sezgin-
Townsend membrane in D=11 target space have
local fermionic κ-symmetry, reparametrization
invariance and manifest space-time supersym-
metry. They depend on worldvolume fields
ZM = (Xm(ξ), θα(ξ)) related to coordinates
of the space-time superspace. Here Xm,m =
0, 1, . . . , D − 1 are bosonic and θµ, µ = 1, . . . , 32
are fermionic coordinates of the superspace. The
bosonic coordinates on the brane are ξi, i =
0, . . . , p. For the string p = 1 and for the mem-
brane p = 2. Both actions belong to a general
class of κ-symmetric p-brane actions and upon
gauge-fixing describe the scalar supermultiplets
of worldvolume supersymmetry.
∗To appear in the Proceedings of Strings 97, Amsterdam,
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D-p-brane actions [5–7] depend in addition
on world-volume 1-form gauge potential Ai and
upon gauge-fixing describe the vector multiplets
of worldvolume supersymmetry.
Finally, the M-5-brane action [8,9] depends on
a 2-form gauge potential Aij with the self-dual
field strength. This action after gauge-fixing de-
scribes the tensor multiplets of worldvolume su-
persymmetry.
The class of actions we consider have 32-
dimensional global space-time supersymmetry
and the local fermionic κ-supersymmetry :
δǫθ = ǫ, δǫX
m = ǫ¯Γmθ , (1)
δκθ = (1 + Γ)κ(ξ) ,
δκX
m = θ¯Γmδθκ , . . . . (2)
Both ǫ and κ are 32-dimensional, but ǫ is global
and κ depends on coordinates of the brane ξ.
Here dots mean the transformations of Born-
Infeld or a tensor field. Γ is a function of the fields
of the brane Γ = Γ (Z(ξ), A(ξ)) and depends on ξi
therefore. The matrix Γ(ξ) squares to 1 and has a
vanishing trace: therefore (1 + Γ)(1− Γ) = 0, i.e.
1+Γ is a projector which makes a 32-dimensional
parameter of κ-supersymmetry effectively only
16-dimensional. This allows to exclude half of the
2original θ variables in the classical action from the
quantized action.
Local reparametrization symmetry of the
worldvolume includes transformations of the type
δZM (ξ) = δξi∂iZ
M (ξ) for the scalars on the
worldvolume, etc. Here δξi(ξ) depends on coordi-
nates of the worldvolume, i.e. it is a gauge sym-
metry, which allows us to exclude some bosonic
fields from the classical action.
Quantization, or gauge-fixing of local symme-
tries of the worldvolume actions will be described
here in detail in a Killing adapted gauge but also
in most general gauges [4]. The local symmetries
will be used to exclude the unphysical degrees
of freedom. The resulting worldvolume actions
have some particular form of the global super-
symmetry, which is a combination of the original
space-time supersymmetry and a special choice
of κ-symmetry which preserves the Killing spinor
adapted gauge. The advantage of using different
choice of gauges will be emphasized [3].
2. KILLING SPINOR ADAPTED
GAUGE
We define the space-time Killing spinor
adapted gauge as follows. First we define an irre-
ducible κ-symmetry with only 16 parameters by
imposing a condition which κ has to satisfy.
P−κ = 1
2
(1− γ)κ = 0 (3)
Now we can use this 16-dimensional local
fermionic symmetry to eliminate 16 of θ′s.
P+θ = 1
2
(1 + γ)θ = 0 (4)
The choice of the ξi-independent projectors
P± = 12
(
1±γ
)
which can divide a 32-dimensional
spinor into 2 parts is made with the help of a
Killing spinor of the space-time configuration de-
scribing a particular extended object which we
are quantizing here. This means that
γ = Γ|cl , (5)
i.e. the constant projector (1 + γ) can be chosen
as the κ-symmetry projector (1+Γ) taken at the
values of fields which form a classical solution de-
scribing the relevant bosonic brane. For example,
the classical solution for the p-brane is
X i = ξi, Xa
′
= const, θ = 0 (6)
We have split here the bosonic coordinate of the
space-time Xm into the part X i which is iden-
tified with the bosonic coordinate of the brane
ξi and the coordinates Xa
′
which are transverse
to the brane which will become the worldvolume
scalars. In the classical solution identifying the
Killing spinor of the space-time those are taken
to be constants.
The Killing spinor of a space-time geometry
naturally can not depend on the coordinates of
the worldvolume.
In a basis in which γ is diagonal all spinors split
accordingly:
θ =
(
θα
θα
′
)
, κ =
(
κα
κα
′
)
, ǫ =
(
ǫα
ǫα
′
)
In this basis the space-time Killing spinor
adapted gauge (3), (4) takes a simple form
κα
′
= 0 , θα = 0 (7)
In the same basis the field dependent κ-
symmetry generator Γ has the following block
structure
Γ =

+C (1 − C
2)A−1
A −C

 , (8)
where the 16× 16 dimensional matrices C and A
commute, AC − CA = 0. The matrices 1 ± Γ
have vanishing determinants and rank 16, which
means that the 16-dimensional matrices 1±C and
A are invertible.
If some choice of a projector P± leads to non-
invertible A or 1 ± C, this projector can not be
used for quantization. Examples include d=10
Lorentz covariant gauges for the Green-Schwarz
string.
Consider now a combination of 16-dimensional
irreducible κ-symmetry and 32-dimensional
space-time supersymmetry in our gauge
δκ,ǫθ
α = (1 + C)αβκ
β + ǫα = 0 (9)
δκ,ǫ′θ
α′ = Aα
′
βκ
β + ǫα
′
(10)
3One has to impose the relation between the pa-
rameters of local κ-symmetry and global space-
time supersymmetry ǫ which will keep the gauge
θα = 0. It is obtained from eq. (9) under condi-
tion that the matrix (1 + C) is invertible.
κβ(ξ) = −[(1 + C)−1]βαǫα (11)
Note that the matrix C is a function of the fields
of the theory and therefore depends on the coor-
dinated of the brane.
3. WORLDVOLUME SUPERSYMME-
TRY ON THE BRANE
Thus we have explicitly gauge-fixed so far only
the fermionic symmetry by requiring θα = 0. In
what follows we will also specify the gauge-fixing
of the reparametrization symmetry by choosing
the so-called static gauge. This gauge may also
be qualified as a Killing vector adapted gauge, as
the directions along the branes are in fact related
to Killing vectors of the space-time brane config-
uration.
X i(ξ) − ξi = 0 (12)
If the reparametrization symmetry is fixed by
choosing a static gauge, the space-time spinors
(former scalars on the worldvolume) like θα
′
and
ǫα, ǫα
′
become worldvolume spinors.
To extract the 32-dimensional global supersym-
metry transformation of 16 θα
′
living on the brane
we have to insert the value of the κ-symmetry
parameter transformations (11) which keeps the
θα = 0 gauge into eq. (10)
δǫ,ǫ′θ
α′ =
(
−Aα′β [(1 + C)−1]βαǫα
)
cl
+ ǫα
′
(13)
This is the general answer [4]. The subscript
()cl means that the values of the matrices A,C
have to be taken at the classical values of the
brane fields as given e. g. in eqs. (6).
Given a κ-symmetry of the action is known and
the right choice of the constant projector is made,
which supplies us with 16×16 matrices C and A,
we have the answer for the worldvolume super-
symmetry. The meaning of the matrices A and
C can be understood if we represent the full gen-
erator Γ as consisting of 2 parts Γ = ΓA + ΓC
where ΓA anticommutes with the projector γ and
ΓC commutes with it.
ΓA =

 0 (1− C
2)A−1
A 0

 ,
and
ΓC =

+C 0
0 −C

 .
This is in the basis where
γ =

 1 0
0 −1

 ,
Thus
{γ ,ΓA} = 0 , [γ ,ΓC ] = 0 .
The condition for the gauge-fixing to be admis-
sible and to produce an action with global super-
symmetry is that A and 1± C are invertible.
4. EXAMPLES
4.1. GS Superstring
GS superstring belongs to a class of κ-
symmetric p-brane actions. The κ-symmetry gen-
erator is
Γ =
1
2!
√−g ǫ
ijγij
Here γi = Πi
mΓm and Πi
m = ∂iX
m− θ¯Γm∂iθ.
We will make a split m = i, a′ where i = 0, 9
and a′ = 1, . . . , 8. The Killing spinor gauge for
the fundamental string is in fact exactly the light-
cone gauge for the spinors. Indeed we take as a
classical solution
X0 = τ, X9 = σ ,Xa
′
= const, θ = 0 (14)
and the κ-symmetry generator at this point in
configuration space gives us a projector 1 + γ =
1 + Γ|cl = 1 + Γ09 , Thus we have to require that
(1 + Γ09)θ = 0 (1− Γ09)κ = 0 (15)
which is equivalent to the standard light-cone
gauge for the spinors
Γ+θ = 0 Γ−κ = 0 (16)
4We may in addition choose the static gauge for
the string X0 = τ, X9 = σ . If we start
with the version of the theory where the world-
sheet metric is the induced one, we will bring
the theory to the form of a 2-dimensional non-
linear action of the scalar multiplet which de-
pends on 8 2-dimensional scalars and 8 physical
spinors. The amount of unbroken supersymme-
tries is 32. To find out the supersymmetry trans-
formations of the spinors Γ−θ = θα
′
we have to
find out the relevant A and C matrices. Clearly,
Γij ,Γa′b′ commute with Γij and Γia′ anticom-
mute. In Killing spinor and vector adapted gauge
Πi
j = δi
j − θ¯Γj∂iθ and Πia′ = ∂iXa′ . This gives
us the presentation of the full Γ in terms of com-
muting and anticommuting parts: for ΓC we find
ǫij(δi
i′ − θ¯Γi′∂iθ)(δj j
′ − θ¯Γj′∂jθ)Γi′j′+
ǫij∂iX
a′∂jX
b′Γa′b′
and ΓA is
ǫij(δi
i′ − θ¯Γi′∂iθ)∂jXb
′
Γi′b′
Thus the global non-linear worldvolume super-
symmetry transformation for the GS superstring
quantized in the Killing adapted gauge is given by
eq. (13) where the matrices A,C are defined in
eqs. above and depend on scalarsXa
′
and spinors
θα
′
.
4.2. BST supermembrane
BST supermembrane also belongs to a class of
κ-symmetric p-brane actions. The κ-symmetry
generator is
Γ =
1
3!
√−g ǫ
ijkΓijk
To find the Killing spinor adapted gauge for the
supermembrane we first consider the generator
above taken at
X0 = τ, X9 = σ , X10 = ρ (17)
and
Xa
′
= const, θ = 0 (18)
Thus we get
γ = Γ0Γ9Γ10 (19)
We see that for the membrane as different from
the string the light-cone gauge is not a natural
one, as there are 3 Killing directions, time and
2 more and not just one as in case of the string.
Thus the Killing gauge for the supermebrane is
(1 + Γ0Γ9Γ10)θ = 0 , (1 − Γ0Γ9Γ10)κ = 0 (20)
and
X0 = τ, X9 = σ , X10 = ρ (21)
The field remaining in the gauge-fixed action are
the scalars
Xa
′
(τ, σ, ρ)
and the fermions
(1− Γ0Γ9Γ10)θ(τ, σ, ρ).
The procedure of extracting the full non-linear
3-dimensional action of the scalar supermultiplet
follows as explained above. The action is given by
the supermebrane action (in a version of the su-
permembrane theory with the metric induced on
the brane, not independent variable) at the sur-
face defined by the Killing gauge. For the global
supersymmetry we have to find A,C parts of Γ
and use eq. (13).
It is useful to point out here that the complete
and detailed quantization of the supermebrane
was performed so far only in the light-cone gauge
for spinors.
4.3. M-5-brane and (0, 2) tensor supermul-
tiplet in d=6
We will give here a brief description of gauge-
fixing procedure of the M-5-brane theory which
provides the supersymmetric action for (0, 2)
tensor supermultiplet in d=6. The manifestly
d=6 general coordinate invariant M-5-brane ac-
tion was found by I. Bandos, K. Lechner, A. Nur-
magambetov, P. Pasti, D. Sorokin and M. Tonin
[8]
SM−5
(
Xm(ξ), θµ(ξ), Ajk(ξ), a(ξ)
)
. (22)
The action depends on ZM , the metric, induced
on the brane, on the tensor field with the self-dual
field strength and auxiliary worldvolume scalar
field a(ξ) which serves to achieve the manifestly
5d=6 general coordinate invariance of the M-5-
brane action.
The κ-symmetry transformations and super-
symmetry of space-time fermions are
δκ,ǫθ = (1 + Γ)κ+ ǫ (23)
where
Γ = Γ(0) + Γ(3) (24)
and
Γ(0) =
1
6!
√
|g|
ǫi1···i6γi1 · · · γi6 (25)
Γ(3) =
1
2 · 3!hijkγ
ijk
(26)
Here i = 0, . . . , 5 , m = 0, . . . , 10.
Here we are using the form of κ-symmetry
transformations found originally in the superem-
bedding approach by P.S. Howe, E. Sezgin and
P.C. West [10] and proved later to be also a sym-
metry transformation of the M-5-brane action in
[11]. The worldvolume field hijk of [10] turns out
to be a non-linear function of the fields in the
action, whose explicit form can be found in [11].
The gauge-fixing of the M-5-brane action is in-
spired by the superembedding [10] of the space-
time superspace with coordinates Xm,Θµ into
worldvolume superspace with coordinates ξi, θα.
We split m = (i, a′), µ = (α, α′). The superem-
bedding is X i = ξi ,Θα = θα and Xa
′
=
Xa
′
(ξ, θ) ,Θα
′
= Θα
′
(ξ, θ). To be as close to this
as possible in the bosonic action of the 5-brane
we have to require that in our action
X i = ξi, θα = 0 (27)
and the fields of the (0,2) tensor multiplet remain-
ing in the action which depend on ξ are
Xa
′
(ξ), θα
′
(ξ), Aij(ξ), a(ξ) , (28)
a′ = 1, 2, 3, 4, 5 , α′ = 1, 2, . . . , 16.
Thus we have 5 scalars Xa
′
(ξ), a 16-component
spinor θα
′
(ξ) which can considered (see below)
as a a chiral d=6 spinor with a USp(4) symplec-
tic Majorana-Weyl reality condition θαˆs , a tensor
Aij(ξ) with the self-dual field strength and an
auxiliary scalar a(ξ). The 11d 32 × 32 Γm ma-
trices have to be taken in the basis which corre-
spond to the split of the target superspace into
the superspace of the 5-brane and the rest [10].
This reflects the Spin(1, 5) × USp(4) symmetry
of the six dimensional theory. An 11d Majo-
rana spinor decomposes as ψ = (ψαˆs, ψ
αˆ
s ) where
s = 1, 2, 3, 4 is an USp(4) index and αˆ = 1, 2, 3, 4
is a 6d Weyl spinor index with upper (lower) in-
dices corresponding to anti-chiral (chiral) spinors
respectively. The 6d spinors satisfy a Majorana-
Weyl reality condition. The relevant representa-
tion of 11d Γm is Γi
αˆs,βˆt
= ηst(σ
i)αˆβˆ where ηst is
the USp(4) antisymmetric invariant metric and
σi the 6d chirally-projected gamma-matrices etc.
[10]. In terms of 16-component spinors we have
ψαˆs = ψ
α′ , ψαˆs = ψ
α.
Thus we choose a projector γ to be a chiral pro-
jector of the 6-dimensional space times the unit
matrix. In the basis above this means that
γ = Γ|cl = 16! ǫi1···i6γi1 · · · γi6 |cl =
(
1 0
0 −1
)
.(29)
Here the subscript cl means that we take
Xa
′
cl = const, θcl = 0, (hijk)cl = 0, (Ei
j)cl =
δi
j , (Ei
a′)cl = 0 and the field-independent part of
the κ-symmetry generator 1+Γ provides us with
the projector for gauge-fixing κ-symmetry. Note
that this is exactly the projector which specifies
the M-5-brane Killing spinor in the target space.
The gauge fixed theory is given by the clas-
sical action in the gauge (27). Since both the
reparametrization symmetry and κ-symmetry are
fixed in a unitary way, there are no propagating
ghosts. The action for a tensor multiplet is an
action of a M-5 brane in a Killing spinor adapted
gauge with vanishing X i(ξ)− ξi and θα(ξ):
S(0,2)
(
Xa
′
(ξ), θα
′
(ξ), Ajk(ξ), a(ξ)
)
=
SM−5
(
Xa
′
, θα
′
Ajk, a,X
i = ξi, θα = 0
)
.
To find the exact non-linear worldvolume su-
persymmetry transformations of the S(0,2) action
we may now proceed using the rules from the
previous section. In addition to gauge fixing the
6spinor theta we have to gauge fix the infinite re-
ducible κ-symmetry. We choose as before
θα = 0 , κα
′
= 0 (30)
To extract from the generator of κ-symmetry Γ
the matrices C and A which define the worldvol-
ume supersymmetry we have to take into account
that in the flat 11-dimensional background
Γ = 1
6!
√
|g|
ǫi1···i6(γi1 · · · γi6 + 40γi1γi2γi3hi4i5i6)
γi = (δi
j − iθ¯Γj∂iθ)Γj + ∂iXa
′
Γa′ . (31)
Here we used the fact that the spinors are chiral
and therefore θ¯Γa
′
∂iθ vanishes. Using eq. (31)
we may rewrite Γ as a sum of products of Γ’s
Γ =
∑
n
Γi1 · · ·ΓinFii···im(Xa
′
, θα
′
, hijk)
All terms with even number n = 2, 4, 6 of 6 Γi will
contribute only to C, all terms with odd number
n = 1, 3, 5 of Γi will contribute to A since Γi
is off-diagonal in our basis. The dependence on
diagonal matrices
∑
n=2,4,6
Γi1 · · ·ΓinFii···im(Xa
′
, θα
′
, hijk, a) ,
and ΓA is∑
n=1,3,5
Γi1 · · ·ΓinFii···im(Xa
′
, θα
′
, hijk, a) .
Finally the 32-dimensional supersymmetry trans-
formation on the brane is given by the uni-
versal eq. (13) with A(Xa
′
, θα
′
, hijk, a) and
C(Xa
′
, θα
′
, hijk, a) presented for the M-5-brane
above.
The supersymmetry transformations of the
bosonic fields, 5 scalars and a tensor, can be ob-
tained using the combination of κ-symmetry and
space-time supersymmetry of these fields and the
expression (10). The linearized form of the world-
volume supersymmetry of the (0,2) tensor multi-
plet was given in [10]. In notation appropriate to
a 6-dimensional theory for ǫ′ = 0
δǫθ
s
βˆ
= ǫαˆt
(1
2
σi
αˆβˆ
(γb′)t
s∂iX
b′ − 1
6
(σijk
αˆβˆ
δt
shijk
)
.
One can recognize here terms linear and cubic in
Γi which form the linear approximation of our
matrix A.
Note however that the full non-linear action
of the self-interacting tensor multiplet has also
a symmetry under additional 16-component chi-
ral spinor ǫα
′
= ǫαˆs. The one with the anti-chiral
spinor ǫα = ǫαˆs in the linear approximation relates
the spinor of the tensor multiplet to the deriva-
tive of scalars and to the tensor field strength.
The non-linear action has both chiral as well as
anti-chiral supersymmetries.
5. GENERAL CLASS OF GAUGES
In general, there is no need to use only the
class of gauges defined above which are related
to Killing spinors. A much larger class of gauges
is available for the quantization of any of the p-
branes, D-p-branes and M-branes. This amounts
to say that the choice of a projector γ can be ar-
bitrary as well as the choice of the gauge which
fixes the reparametrization symmetry. In partic-
ular, in case of D-p-branes the advantage can be
taken from the fact that the quantization consis-
tent with Lorentz symmetry is available [6,2,3].
In some cases the advantage is to bring the quan-
tized action to a free quadratic action, as in the
case of the D-0-brane. This requires a special
choice of the gauge for reparametrization symme-
try. In generic situation we may formulate here
the basic constraint on the choice of the gauge to
fix the κ-symmetry.
Assume that we have chosen the projector 1±γ
and fixed the reparametrization symmetry arbi-
trarily.
The condition of consistency of this choice can
be formulated in a basis where γ has 16 of +1 and
16 of −1 on the diagonal.
In this basis the field dependent κ-symmetry
generator 1± Γ has the following block structure
1± Γ =

 1± C (1− C
2)A−1
A 1∓ C

 , (32)
The field dependent matrices 1±Γ have vanishing
determinants and rank 16. For this to happen,
the 16-dimensional matrices 1±C and A have to
7be invertible. This has to be true in any gauge
which is chosen and not only in the Killing gauge,
as described above.
For some choice of a projector P± with partic-
ular combination of the reparametrization gauge
one may encounter a non-invertible A and/or
1±C. This projector P± together with this choice
of the reparametrization gauge can not be used
for quantization.
The global supersymmetry on the worldvolume
of the 16-component spinor θ is given by
δθ = (−A[(1 + C)−1])g.f.ǫ + ǫ′ (33)
Here the subscript g.f. means that the field de-
pendent A,C matrices have to be taken at the
values of the fields with some particular gauge-
fixing of reparametrization symmetry.
For example for D-p-branes for p even there is a
choice γ = Γ11, C = 0 and an invertible A can be
find in [6,2,3] together with the total procedure
of quantization. This is an example when both
1 ± C and A are invertible for a given choice of
γ. With the same choice of γ, which gives the
only possible Lorentz covariant splitting of the
32-dimensional spinor in half in d=10, type IIA
GS string will have a non-invertible A = 0 and
this gauge is not acceptable as it is known for a
very long time. This was always a major obstacle
for manifestly supersymmetric Lorentz covariant
superstring theory quantization.
5.1. Covariant Quantization of the D-0-
brane
Consider the κ-symmetric action of a D-0-
brane. D-0-brane action does not have Born-
Infeld field since there is no place for an antisym-
metric tensor of rank 2 in one-dimensional theory.
The action for p = 0 case reduces to
S = −T
(∫
dτ
√
−Gττ +
∫
θ¯Γ11θ˙
)
. (34)
This action can be derived from the action of the
massless 11-dimensional superparticle.
S =
∫
dτ
√
gττg
ττ
(
X˙mˆ − θ¯Γmˆθ˙
)2
, (35)
Here mˆ = 0, 1, · · · , 8, 9, 10. We may solve equa-
tion of motion for X 1ˆ0 as P1ˆ0 = Z, where Z is a
constant, and use Γ11 = Γ1ˆ0. From this one can
deduce a first order action
S =
∫
dτ(Pm(X˙
m − θ¯Γmθ˙) (36)
+
1
2
V (P2 + Z2)− Zθ¯Γ11θ˙ + χ¯1d2) .
The action (36) is invariant under the 16-
dimensional irreducible κ-symmetry and under
the reparametrization symmetry. The gauge sym-
metries are (we denote ΓmPm = /P):
δθ¯ = κ¯2(Γ
11Z + /P) ,
δXm = −ηPm − δθ¯Γmθ − κ¯2Γmd ,
δV = η˙ + 4κ¯2θ˙ + 2χ¯1κ2 ,
δχ¯ = κ¯2 /˙P ,
δd = [P2 + Z2]κ2 .
Here η(τ) is the time reparametrization gauge
parameter and κ2(τ) =
1
2 (1 − Γ11)κ(τ) is
the 16-dimensional parameter of κ-symmetry.
The gauge symmetries form a closed algebra
[δ(κ2), δ(κ
′
2)] = δ(η = 2κ¯2κ
′
2
) .
To bring the theory to the canonical form we
introduce canonical momenta to θ and to V and
find, excluding auxiliary fields
L = PmX˙
m + PV V˙ + P¯θ θ˙ (37)
+
1
2
V (P2 + Z2) + PV ϕ+
(
P¯θ + θ¯(/P+ ZΓ
11)
)
ψ .
We have primary constraints Φ¯ ≡ P¯θ + θ¯(/P +
ZΓ11) ≈ 0 and PV = 0. The Poisson brack-
ets for 32 fermionic constraints are {Φ,Φ} =
2C(/P + Γ11Z) . We also have to require that the
constraints are consistent with the time evolution
{PV , H} = 0. This generates a secondary con-
straint
t = P2 + Z2 . (38)
Thus the Hamiltonian is weakly zero and any
physical state of the system satisfying the
reparamet-
rization constraint is a BPS state M = |Z| since
P2 + Z2|Ψ〉 = 0 =⇒ (39)
8Z2|Ψ〉 = −P2|Ψ〉 = M2|Ψ〉 .
The 32× 32 -dimensional matrix C(/P + Γ11Z) is
not invertible since it squares to zero when the
reparametrization constraint is imposed. This
is a reminder of the fact that D-0-brane is a
d=11 massless superparticle. The 32 dimensional
fermionic constraint has a 16-dimensional part
which forms a first class constraint and another
16-dimensional part which forms a second class
constraint. We notice that the Poisson brackets
reproduce the d = 10, N = 2 algebra with the
central charge which can also be understood as
d = 11, N = 1 supersymmetry algebra with the
constant value of P11 = Z.
We proceed with the quantization and gauge-
fix κ-symmetry covariantly by taking θ2 = 0, θ1 ≡
λ and find
Lκg.f. = Pm(X˙
m − λ¯Γmλ˙) + 1
2
V (P2 + Z2) . (40)
The 16-dimensional fermionic constraint
Φ¯λ ≡ (P¯λ + λ¯/P) ≈ 0 (41)
forms the Poisson bracket
{Φαλ ,Φβλ} = 2(/PC)αβ . (42)
The matrix /PC is perfectly invertible as long as
the central charge Z is not vanishing. The inverse
to (42) is
{Φα,Φβ}−1 |t=0 = [2(/PC)αβ ]−1 = (C/P)αβ
2P2
. (43)
This proves that the fermionic constraints are
second class and that the fermionic part of the La-
grangian is not degenerate in a Lorentz covariant
gauge. None of this would be true for a vanish-
ing central charge. Note that in the rest frame
P0 = M, ~P = 0, hence
Φαβ = Mδαβ . (44)
For D-0-brane one can covariantly gauge-fix the
reparametrization symmetry by choosing the
V = 1 gauge and including the anticommuting
reparametrization ghosts b, c. This brings us to
the following form of the action:
Lκ,ηg.f. = PmX˙
m − λ¯/Pλ˙+ 1
2
(P2 + Z2) + bc˙ . (45)
Now we can define Dirac brackets
{λ, λ¯}∗ = {λ, Φ¯}{Φ¯,Φ}−1{Φ , λ¯} (46)
=
/P
2P2
= − /P
2Z2
.
The generator of the 32-dimensional supersym-
metry is ǫ¯Q = ǫ¯(/P+Γ11Z)λ . It forms the follow-
ing Dirac bracket
[ǫ¯Q , Q¯ǫ′]∗ = ǫ¯(/P+ Γ11Z)
/P
2P2
(/P+ Γ11Z)ǫ′ =(47)
ǫ¯ΓmˆPmˆǫ
′ = ǫ¯/P+ Γ11Z)ǫ′ .
This Dirac bracket realizes the d=11, N=1 su-
persymmetry algebra or, equivalently, d=10, N=2
supersymmetry algebra with the central charge
Z.
One can also to take into account that the path
integral in presence of second class constraints
has an additional term with
√
Ber{Φλ,Φλ} ∼√
BerΦαβ as it is known from the work of E.
Fradkin and collaborators. It can be used to make
a change of variables Sα = Φ
1/2
αβ λ
β . The action
becomes
L = PmX˙
m − iSαS˙α + bc˙−H (48)
H = −1
2
(P2 + Z2) . (49)
The generators of global supersymmetry commut-
ing with the Hamiltonian take the form
ǫ¯Q = ǫ¯(/P+ Γ11Z)Φ−1/2S . (50)
Taking into account that {Sα, Sβ}∗ = − i2δαβ we
have again realized d = 10, N = 2 supersymme-
try algebra in the form (5.1) or (??).
The terms with anticommuting fields Sα can
be rewritten in a form where it is clear that they
can be interpreted as world-line spinors,
L = Pm∂0X
m + S¯αρ
0∂0Sα + bc˙−H . (51)
Here S¯α = iSαρ
0 and (ρ0)2 = −1, ρ0 = i being a
1-dimensional matrix.
Thus, we have the original 10 coordinates Xm
and their conjugate momenta Pm, and a pair of
reparametrization ghosts. There are also 16 an-
ticommuting world-line spinors S, describing 8
9fermionic degrees of freedom. The Hamiltonian
is quadratic. The ground state with
M2 = Z2
is the state with the minimal value of the Hamil-
tonian. Thus for the D-superparticle one can see
that the condition for the covariant quantization
is satisfied in the presence of a central charge
which makes the mass of a physical state non-
vanishing [3]. The global supersymmetry algebra
is realized in a covariant way, as different from
the light-cone gauge.
Note that the total procedure of quantization
has new features due to the fact that we deal with
BPS states with the non-vanishing mass. In par-
ticular we have divided on Z2 at the intermedi-
ate level, which would be impossible at Z = 0.
The BPS states with vanishing mass have to be
considered separately and with great care, as we
know it from the analysis of the massless black
holes in string theory [12].
6. SUMMARY OF NEW RESULTS
In this talk we have described various new pos-
sibilities of quantization of the fermionic world-
volume gauge symmetry, so called κ-symmetry.
Our main focus was on relation between the
space-time supersymmetric configurations, or
BPS configurations and the new ways of quan-
tization.
It was known for a long time that the superpar-
ticle and the superstring with manifest space-time
supersymmetry can not be quantized covariantly.
Now we have learned that both the D-0-brane
and D-1-string as well as all of the D-p-branes do
admit covariant gauge-fixing.
We have also used our experience in the prop-
erties of the Killing spinors of various BPS so-
lutions in the space-time. We have applied this
concept to the quantization of the Green-Schwarz
Superstring and Bergshoeff-Sezgin-Townsend Su-
permembrane. This results in an interesting and
yet unexplored non-linear theories of the scalar
supermultiplets in d=2 and d=3 dimensions.
One of the most interesting new results
is related to the quantization of the M-5-
brane. The quantization is most fruitful in the
fermionic gauge defined by the Killing spinor and
reparametrization gauge defined by the Killing
vector of the space-time M-5-brane solution. The
resulting action defines the non-linear action of
the (2,0) d=6 tensor supermultiplet.
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